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In this paper we consider the finite element model corresponding to a real system where the
mass, damping, and stiffness matrices are all symmetric tridiagonal. We show that the model
can be constructed from five real eigenvalues and six real eigenvectors. We provide a necessary
and sufficient condition for the existence of solution to this problem. Besides, we provide an
analytical solution to this problem.
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1. Introduction

Consider a finite element model corresponding to a real system

Mii(t) + Ca(t) + Ku(t) = f(t) (1)

where (1) is a vector of size n, f(¢) is a time-dependent external force vector and M, €', K € E™*". Such
system arises in many important applications, including applied mechanics, electrical oscillation, vibro-acoustics,
fluid mechanics, signal processing, and finite element discretization of PDEs etc. In practical applications
M, C, Kare known as mass, damping and stiffness matrices respectively. By the separation of variables u(2) = e"'x,
where x is a constant vector, we can get the general solution to the homogeneous equation of (1) and this solution
is given in terms of the solution of the following Quadratic Eigenvalue Problem (QEP):

Q(N)z := (N*M + \C + K)z = 0. (2)

The scalar A and the associated nonzero vector x are, respectively, called the eigenvalue and the eigenvector of
the quadratic polynomial Q(A). Indeed, the pair (A, x) is known as eigenpair of Q(A). Thus, A is said to be an
eigenvalue of Q()) if and only if det(W>M +AC +K) = 0. Clearly, Q(\) = A?M + AC + K € R™*"[)] has 2n finite
eigenvalues if M is nonsingular. The quadratic eigenvalue problem is to find eigenvalues and eigenvectors of a
quadratic matrix polynomial Q(A) = A*M +AC + K € R™"[)], A good survey on the applications, mathematical
properties and numerical methods of QEPs is included in [12] by Tisseur and Meerbergen.
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On the contrary, Inverse Quadratic Eigenvalue Problem (IQEP) is to construct the matrices M, C, K of order
n x nsuch that (N\i,zi), i =1 | , p < 2n are eigenpairs of Q(\) = MM+ MO+ K. Very often, the matrices
M, C, K are symmetric and tridiagonal and the tridiagonal structure comes from the inner connectivity of the
elements in the original physical configuration. Therefore quadratic inverse eigenvalue problem should be solved
with those structure constraints using partial eigen information. In that context it can be mentioned that the
state of the art method is capable of computing only a few eigenpairs of Q(A). In particular, we focus on the
Symmetric Tridiagonal Inverse Quadratic Eigenvalue Problem (STIQEP). The problem is stated as follows.

Problem (P): Determine the real symmetric tridiagonal matrices A, C, K in such a manner that
M\i,7) ERxR" i=1 ..., 5 are eigenpairs of Q(\) := A>M + AC' + K € R™"[)\] and x° is a real
eigenvector of Q(A) provided that trace(M ) = w is given.

IQEP has its practical applications in control design, antenna array processing, exploration and remote sensing,
circuit theory, molecular spectroscopy, mechanical system simulation, structure analysis, particle physics and
so on [4]. Recent developments include the finite element model updating problems in structural dynamics
(see [5], [8]) and the partial eigenstructure assignment problems in control theory [6], [7]. Ram [9] studied the
problem of reconstruction of undamped quadratic polynomial from two spectra whereas Ram [10] considered
the same problem from a single eigenvalue, two eigenvectors. In [11], Ram and Elhay reconstructed a symmetric
tridiagonal quadratic monic polynomial when two eigenvalues are given. In [2], Bai determined the matrices C, K
with serially linked structure so that Q(\) = A?I + AC + K has a self conjugate set of four prescribed eigenpairs.
However, in [1], Bai reconstructed the serially linked structured polynomial Q()) = N2 M +\C + Kfrom two
real eignvalues and three real eigenvectors.

In this paper, we solve the Problem (P) and prescribed a necessary and sufficient condition for the solvability of
Problem (P). Indeed, we present an analytical solution of Problem (P). Further, we proposed a necessary and
sufficient condition for unique solution of Problem (P).

Notation. Here R denotes the field of real numbers. We denote R"*"[)] as the space of one parameter (A) matrix
polynomials whose coeflicient matrices are of order n x n with its entries are from the field R. Finally, I denotes
the identity matrix of compatible size.

2. Solution of Problem (P)
At first we define the symmetric tridiagonal matrices as

_al b1
b1 a9 bg
b a b
M = 2 . 3 . 3 . ) (3)
bp—2 an—1 by
| bn—1 Qn |
e dy -
di co da
dy c3 d3
C= . ) . ; 4)
dp—o cpo1 dp—1
L dp—1 Cn |
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fe1 fi
fi e fo
and K = f2 .6‘3 fg . . )

fn72 €n—1 fnfl
fn—l €n

Let A, be an eigenvalue of Q(A\) = A*M + AC + K corresponding to the known eigenvector x’. Since
(A,a'),i=1,..., 6are eigenpairs of Q(\) = A\2M + AC + K, so the matrices M, C, K must satisfy

(MM +\C+K)x'=0, i=1,...,6. ©)
Thus, the equation (6) boils down to

)\?l‘;‘-_lbjfl + )\?l’édj + )\?.I‘ZA‘_Hbj + )\ix‘?_ldjfl + )\i.%éCj +

, I ) A 7)
)\i$;-+1dj + ZL‘;_lfjfl =+ w}ej + J};_,_lfj =0
fori=1,...,6,j=n-1,n-2,...,1,and
)\?xfl_lbn_1 + )\fx;an + )\ix;_ldn—l + )\ix;cn + x%_lfn—l + xf]en =0 (8)
fori=1,..., 6, where we assumed that =), = 0, i = 1,...,6. Without loss of generality assume that a,, # 0,
then we set

Ej = aj/an, bj = bj/an,
Ej = cj/an, dj = dj/an,

gjzej/aru fj:fj/an-
On dividing the equation (8) by « , we obtain
)\?:U;_lgnq + Nzl e, + Aix;_lgnq +zle, + x;_lfn,l =Nzl i=1,...,6. )

Therefore, the scalars bn—1, Cn; dn—1, €n, fn—1 must be determined in such a way that it satisfies the system
of equation

ok Mah Mk o@h bl 7 [Aeh]
ATy 1 ATy, ATy, T, T, z AjT, (10)
228 Aexl Aeal_, o8 af | Lol A28
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Since we are interested in nontrivial solution of (10) so the scalar A, must be determined in such a way that

2.1 2,1 1 1 1 17
ATy, AT, NTy, Mg,y T T,
2.2 2.2 2 2 2 .2
ASTy, AT g Aoxy, Aewn g T, @4 (11)
2,3 12,3 3 3 3 .3
dot )\ng )\%xz_l )\3332 Agxz_l ZL'Z :UZ_I _0
)\%wg )\‘21:6271 /\4xg )\4:6?71 a:g mg”
)\gxg )\g:vg_l )\53:g )\5xg_l mg mg_l
_)‘Gxn )‘6xn—1 A6xn )‘6xn—l Ty Tp—1]
and
)\ixé_l Alxé Almél_l xil mé_l )\gx,;i )\gxé_l )qmél Alxé_l xé xé_l
AT,y AT, Ao,y T, T, Ay, Asmp g Aewy Aewm g m, T,
)\%xi—l Azl Ang’kl x2 $§L—1 )\gm% A%x%_l Azl Asxd_, xd a2l g
rank | (221 | a2t el | 2t 2t = rank A2zd A2gd Nt et | a2k 2t
A§x§}71 Asxd >\5z271 xf’l m271 )\gmzl A%x%_l )\5221 )\5w§_1 :BZL zZz—l
)‘633?1—1 A6z, /\6"”2—1 5, 12—1 AgTn  AgTp_1 A6y AeTp g Ty Ty
Further, dividing the equation (7) by a , it yields
2,1 2.1 1 1 1 .1 717 5. 2,1 1 17
2.5 2.5 2 2 2 2 _ 2.5 2 2 o
IR e S e Bl il I e L R B T (12)
. - J
)\QZL‘% )‘42137'71 )\4.7}% )\4$%-71 x% :L‘%-,l dj—1 )\gajgﬂ A4Ti ) T 7
< y
)\39:% )\gxé_l )\556% )\593]6-_1 x% x]é_l € )\gx%_H )\5x]6-+1 x%H
6] A§Tio1 Aery Aeiy T x| [fi-1] (A6 A6Tji1 T
forj=n—-1n-2,... 1
Hence, to formulate our main result, we define
12,17 - 2.1 1 1 1 1
)\%wg by )\%mg_l )xlxg )\1333_1 l’g mg_l
)\%(I}g e )\%a:g_l /\gxg )\ng_l :cg :cg_l
g = — [N @0 = |Gy | Aun = N30 2T N T T
L Y T n— 9 nn - — 9
)\%a}g 5 )\%a:g_l /\430751 /\4xg_1 :L'g :L'g_l
n
A5y, f ASTp_1 AT, AsTp_q Ty Ty
_A%xg_ L1 _)‘%952—1 A5, )‘65”%—1 ), x%—l_
and for j =n—1,...,1we set
/\%:L'jl )\%x}_l Alx; /\1%']1-_1 le le-_l aj
2.2 2.2 2 2 2 2 7
E Rl e X s B S W i I LR P
ji = ) = ;
2.5 2.5 5 5 5 .5 ~
_)‘695]' )‘65’3]'—1 A6 X )\693]-_1 T; x| _fj_l_
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Based on the above analysis, we prescribe a necessary and sufficient condition for the solvability of Problem (P),
which is as follows.

Theorem 2.1. Problem (P) has a nontrivial solution if and only if the following conditions are satisfied:

i. The scalar 1 is determined by solving the equation (11) in such a way that rank (An,) = rank ([A,, ¢™]),
ii. rank(A;;) = rank ([Ajj Bjj}fj]), forallj=n—1,...,1.
Proof: Clearly, the Problem (P) has a nontrivial solution if and only if the equations (10) and (12) has nontrivial
solutions foreachj=n-1,..., L.
Corollary 2.2. Problem (P) has an unique nontrivial solution if and only if the following conditions are met:

i. rank(A,,) = rank ([4,, ¢™]) =05,

ii. det(Aj;) #0 forallj=n—1,...,1.

Our next remark describes a procedure to construct the symmetric tridiagonal matrices M, C, K in equations (3),

(4) and (5) respectively.

Remark 2.3. If the conditions of Theorem 2.1 are met then we obtain the real numbers gn—h Cny dp—1, €n, ]?n—l
by solving the system of equation (10) and thereafter solving the equation (12) successively for
j=n-—1,...,1 we obtain the real numbers aj, Ej_l, cj, Jj_h € fj_l. Computew = 1 + 2?:_115]'. Finally, the real

triples (aj, cj, ej)?:p (b;, dj, fj)ﬂ*1 are obtained from

7=1
ap =w/w, a;=aw/w, j=1,....,n—1,
bj :gjw/w, jzl,...,n, (13)
¢j = ¢jw/w, dj:cjjw/@, j=1,...,n,
€j:€j’w/@, fj:fjw/@, jzl,...,n

where w = trace(M) = ¥7_,a; is given by Problem (P). Then we construct the matrices M, C, K in equations (3),
(4), (5) by plugging the values of(aj, Cj, ej)?:p (bj,d;, fj)?;ll from (13).
Next we state the result from [3] for the solution of a system of linear equations in (10) and (12).

Lemma 2.4. A system of linear equations Ax = b has a solution if and only if AAYD = b and all of its solutions are
given by

z=ATb+ (I - ATA)z (14)
where AT denotes the Moore-Penrose pseudoinverse of A and z is an arbitrary vector of compatible size.
Proof: For proof we refer the readers to [3].
3. Conclusion

In this paper, we have dealt with reconstructing a symmetric tridiagonal quadratic matrix polynomial whenever
its five real eigenvalues and six real eigenvectors are given. We present a necessary and sufficient condition for ex-
istence of solution to this problem. Also, we obtained an explicit computable expression of the coefficient matri-
ces of the quadratic matrix polynomial. The problem discussed in this paper is applicable only for real eigenpairs,
but it can be extended for complex eigenpairs.
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